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THE ORDER OF THE PRODUCT OF TWO
ELEMENTS IN PERIODIC GROUPS
M. Amiri, I. Lima
Abstract. An old problem in group theory is that of describing how the order of an
element behaves under multiplication. Let G be a periodic group, and let LCM(G)
be the set of all x ∈ G such that o(x) is less than exp(G) and o(xz) divides the least
common multiple of o(x) and o(z) for all z in G. In this article, we prove that the
subgroup generated by LCM(G) is a nilpotent characteristic subgroup of G whenever
G is a solvable group or G is a finite group.
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1 Introduction
One of the oldest problem in group theory is, given two elements x, y in a group G, of orders
m and n, respectively, to find information on the order of the product xy. Understanding
even the easier problem of when ab has finite order would have great implications in group
theory, for instance in the study of finitely-generated groups in which the generators have
finite order. Burnsides problem is a good example of a difficult problem which asks whether
a finitely-generated periodic group is necessarily finite. A negative answer to this problem
has been provided in 1964 by Golod and Shafarevich [4], [5], although many variants of
this question still remain unsolved to this day. For more information on this subject, see
Kostrikin [8], Novikov and Adian [1], Ivanov and Ol’shanskii [6], [7], [12], Zelmanov [16],
[17] and Lysoenok [9]. Let G be a periodic group, and let LCM(G) be the set of all x ∈ G
such that o(x) < exp(G) and o(xz) divides the least common multiple lcm(o(x), o(z)) for all
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z in G. In this article, we prove that 〈LCM(G)〉 is a nilpotent characteristic subgroup of
G. Also, we will prove that if G is a solvable group in which exp(G) is not a prime number,
then 〈LCM(G)〉 6= 1.
Let CP2 be the class of finite groups G such that o(xy) ≤ max{o(x), o(y)} for all x, y ∈ G
[15]. We denote Ωi(G) =< {x ∈ G| x
pi = 1} > and ℧i(G) =< {x
pi ∈ G| x ∈ G} > for
all i ∈ N, respectively. Note that the class CP2 of p-groups is larger than the class of
abelian p-groups, regular p−groups (see Theorem 3.14 of [14],II, page 47) and p−groups
whose subgroup lattices are modular (see Lemma 2.3.5 of [13]). Moreover, by the main
theorem in [18], we infer that powerful p−groups for p odd also belong to CP2.
In what follows, we adopt the notation established in the Isaacs’ book on finite groups
[10].
2 Results
We shall need the following theorem about the groups belonging to CP2.
Theorem 1.(Theorem D in [15]) A finite group G is contained in CP2 if and only if one of
the following statements holds:
1. G is a p−group and Ωn(G) = {x ∈ G | x
pn = 1}.
2. G is a Frobenius group of order pαqβ, p < q, with kernel F (G) of order pα and cyclic
complement.
Let G be a periodic group. We denote the set {x ∈ G|o(x) = exp(G)} by E(G).
Definition 1. Let G be a periodic group and H a subset of G. We define LCM(G) to be
the set of all x ∈ G \ E(G) such that o(xy) | lcm(o(x), o(y)) for all y ∈ G. We denote the
set LCM(G) ∪ E(G) by LCM(G), and we call it the closure of LCM(G).
Example 1. Let G = F ⋊H be a Frobenius group. Let P ∈ Sylp(F ) such that P ∈ CP2.
Let x ∈ P . For all h ∈ G \ F , we have o(xh) = o(h) | lcm(o(x), o(h)). Since F is a
nilpotent group and P ∈ CP2, for all z ∈ F , we have o(xz) | lcm(o(x), o(z)). It follows that
P ⊆ LCM(G). In particular, if F is an abelian group, then LCM(G) = F .
2
Lemma 2. Let G be a periodic group. Then LCM(G) is a characteristic subset of G. Also,
for all x ∈ LCM(G), we have x−1 ∈ LCM(G).
Proof. Let σ ∈ Aut(G), and let x ∈ LCM(G). For all y ∈ G, we have o(xy) = o(σ(xy)) =
o(σ(x)σ(y)). Since σ(G) = G, there exists g ∈ G such that σ(g) = z. Clearly, o(z) = o(σ(g)).
For all z ∈ G, we have
o((σ(x)z) = o(σ(xg)) = o(xg) | lcm(o(x), o(g)) = lcm(o(σ(x)), o(z)).
So σ(x) ∈ LCM(G). Also, for all z ∈ G, we have
o(x−1z) = o((z−1x)−1) = o(z−1x).
It follows that
o(x(z−1x)x−1) = o(xz−1) | lcm(o(x), o(z−1)) = lcm(o(x−1), o(z)).
Hence x−1 ∈ LCM(G). ✷
Minimal non-nilpotent groups are characterized by Schmidt as follows:
Theorem 3.(see (9.1.9) of [11]) Assume that every maximal subgroup of a finite group G is
nilpotent but G itself is not nilpotent. Then:
(i) G is solvable.
(ii) |G| = pmqn where p and q are unequal prime numbers.
(iii) There is a unique Sylow p-subgroup P and a Sylow q-subgroup Q is cyclic. Hence
G = QP and P E G.
Lemma 4. Let G be a finite group. Then LCM(G) = G if and only if G is a nilpotent
group and each Sylow subgroup of G belongs to CP2.
Proof. If G is a nilpotent group and each Sylow subgroup of G belongs to CP2, then
clearly, LCM(G) = G. So suppose that LCM(G) = G \E(G). Suppose for a contradiction
that there exists a minimal non-nilpotent subgroup A of G. By Theorem 3, A = S ⋊ 〈a〉
where gcd(|S|, |〈a〉|) = 1. Let s ∈ S such that s 6∈ NG(〈a〉). We have o(a(a
−1s)) = o(s).
Then o(s) | lcm(o(a), o(a−1s)) = o(a), which is a contradiction. Hence G is a nilpotent
group. Let P ∈ Sylp(G). Since for all x, y ∈ P \ E(P ), we have o(xy) | lcm(o(x), o(y)) =
max{o(x), o(y)}, we have P ∈ CP2 by definition of CP2. ✷
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Lemma 5. Let G be a finite p-group. Then exp(LC(G)) ≤ exp(G)
p
.
Proof. Let exp(G) = pm. By definition of LCM(G), we have exp(LCM(G)) ≤ pm−1. Let
y ∈ LC(G). Then y = zn11 . . . z
nk
k where zi ∈ LCM(G). Clearly, o(y) | lcm(o(z1), ..., o(zk)) ≤
pm−1. Hence exp(LC(G)) ≤ pm−1. ✷
Let G be a periodic group the subgroup generated by LCM(G) is denoted by LC(G). In
the following proposition we show that LC(G) for a solvable group G whose exponent is not
a prime number, is not trivial.
Proposition 6. Let G be a periodic solvable group of the derived length n+1. Let x ∈ G(n)
such that 2 ∤ o(x) and o(x) < exp(G). Then x ∈ LC(G).
Proof. Let y ∈ G, and let H = G(n)〈y〉. Since o(x) < exp(G), we have x 6∈ E(G). Let
o(x) = m. We have [x, c] = 1 for all c ∈ G′. By Hall-Petresco formula (see [3], Appendix
A) we have (xy)m = xmymc
(m2 )
2 ...c
(m
m−1)
m−1 cm where ci ∈ γi(〈x, y〉). Since x ∈ G
(n) and m > 2,
we have ci = 1 for all i = 3, ..., m. Then (xy)
m = xmymc
(m2 )
2 . Since
H
G(n)
is a cyclic group,
we have H ′ ≤ G(n). Then c2 ∈ G
(n). Since m is an odd number, we have (m2 ) = m
(m−1)
2
.
Since G(n) is an abelian group, we have x−1xy = xyx−1. Therefore [y, x]k = x−k(y−1xky) for
all integers k. In particular, [y, x]m = x−m(y−1xmy) = 1. It follows that (cm2 )
m−1/2 = 1, so
(xy)m = 1. It follows that x ∈ LCM(G), and so x ∈ LC(G).
✷
Now, we are ready to prove one of our main results.
Theorem 7. Let G be a periodic solvable group. Then LC(G) is a nilpotent characteristic
subgroup of G.
Proof. Clearly, we may assume that G is not nilpotent. First suppose that G is a finite
group. Let |G| = pα11 . . . p
αk
k where p1 < p2 < . . . < pk are primes and let Pi ∈ Sylpi(G). Let
ti ∈ Pi such that o(ti) = exp(Pi). We proceed by induction on |G|. The base of induction
is trivial. Let x ∈ LCM(G). We show that x ∈ Fit(G). There exists ti ∈ Pi such that
o(ti) ∤ o(x), because x 6∈ E(G). Let S = 〈x
G〉, and let H = S〈ti〉.
First suppose that there exists y ∈ S such that o(y) ∤ o(x). We have y = (xg1)ǫ1n1 . . . (xgk)ǫknk
where g1, . . . , gk ∈ G, ǫi ∈ {1,−1} and n1, . . . , nk are positive integers. Since x
g, (xg)−1 ∈
LCM(G) for all g ∈ G, we have
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o(y) | lcm(o(xg1), o((xg1)ǫ1(n1−1)(xg2)ǫ2n2 . . . (xgk)ǫknk)) |
...
| lcm(o(xg1), . . . , o(xgk))
= o(x),
which is a contradiction. Then o(x) = exp(S), and hence S 6= G. If o(x) is a power
of a prime number p, then S is a p-group, and so S ≤ Fit(G). So suppose that o(x) has
at least two distinct prime divisors. If H 6= G, then by induction hypothesis, LC(H) is a
nilpotent characteristic subgroup of H . Since x ∈ LC(H) and LC(H) ∩ S ≤ Fit(S), we
have x ∈ Fit(G). So suppose that H = G. Clearly, G′ ≤ S. There exists a normal series
M0 = 1 ≤M1 ≤ . . . ≤Mk = S
of S, such that [Mi+1 : Mi] is a power of some prime number for all i = 0, 1, . . . k − 1. Let
Ui = Mi〈x〉, and let o(x) = q
cr where q be a prime divisor of o(x) such that q ∤ r. There
exists j such that exp(Mj〈x
q〉) < o(x). Let z ∈ Mj〈x
q〉. Since x ∈ LCM(G), we have
o(xqz) | lcm(o(x), o(z)). If qc | o(xqz), then exp(Mj〈x
q〉) ≥ o(x), which is a contradiction.
Then qc ∤ o(xqz), and so o(xqz) | lcm(o(x)/q, o(z)). If z ∈ Uj \ Mj〈x
q〉, then qc | o(z).
Hence o(xqz) | lcm(o(x), o(z)) = lcm(o(xq), o(z)). Then xq ∈ LCM(Uj). If Uj = G,
then G = Mj〈x〉 ≤ S, which is a contradiction. So Uj 6= G. By induction hypothesis,
we have xq ∈ Fit(Uj) ≤ Fit(Uj+1) ≤ . . . ≤ Fit(G). Since o(x) has at least two prime
divisors r < q, we have x ∈ 〈xq〉〈xr〉 ≤ Fit(G). Hence LCM(G) ⊆ Fit(G). It follows that
LC(G) ≤ Fit(G).
Now suppose that G is an infinite group. Suppose for a contradiction that LC(G) is
not nilpotent. Then there there exists z, y ∈ LCM(G) such that [z,n y] 6= 1 for all in-
tegers n. Since o(y) < exp(G) and o(z) < exp(G), there are x1, . . . , xk ∈ G such that
max{o(z), o(y)} < lcm(o(x1), . . . , o(xk)). Let H = 〈x1, . . . xk, y, z〉. Since a finitely gener-
ated solvable periodic group is finite, we have H is a finite solvable group. By the first part
we have 〈z, y〉 is a nilpotent group, and so there is integer n such that [z,n y] = 1, which is a
contradiction. Then LC(G) is a nilpotent group. By Lemma 2, LC(G) is characteristic, so
it is a normal subgroup, and so LC(G) ≤ Fit(G). ✷
Theorem 8. Let G be a periodic group. If |LC(G)| < ∞, then LC(G) is nilpotent char-
acteristic subgroup of G. In particular, if G is a finite group, then LC(G) is nilpotent
characteristic subgroup of G.
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Proof. First suppose that G is a finite group. We proceed by induction on |G|. The base
step is clear. Also, by Lemma 7, we may assume that G is not solvable. Let x ∈ LCM(G),
and let H = 〈xG〉. First suppose that there exists y ∈ H such that o(y) ∤ o(x). We have
y = (xg1)ǫ1n1 . . . (xgk)ǫknk where g1, . . . , gk ∈ G, ǫi ∈ {1,−1} and n1, . . . , nk are positive
integers. Since xg, (xg)−1 ∈ LCM(G) for all g ∈ G, we have
o(y) | lcm(o(xg1), o((xg1)ǫ1(n1−1)(xg2)ǫ2n2 . . . (xgk)ǫknk)) |
...
| lcm(o(xg1), . . . , o(xgk))
= o(x),
which is a contradiction. It follows that o(x) = exp(H), and hence H 6= G. We claim
that H is nilpotent. If o(x) is a power of prime, then exp(H) = o(x) is a power of prime, so
H is a nilpotent group. So suppose that o(x) has at least two different prime divisors p 6= q.
Let z ∈ H such that o(xqz) ∤ lcm(o(xq), o(z)). If o(z) ∤ o(x)/q, then exp(H) 6= o(x), which
is a contradiction. So o(xqz) | lcm(o(xq), o(z)) for all z ∈ H . Hence xq ∈ LCM(H). By
induction hypothesis, LC(H) is nilpotent and o(x) has two distinct prime divisors p < q,
we have x ∈ 〈xq〉〈xp〉 ≤ LC(H), and so H is a nilpotent group, as claimed. Let Hxi = 〈x
G
i 〉
where xi ∈ LCM(G) = {x1, . . . , xk}. Then C = Hx1Hx2 . . .Hxk is a nilpotent subgroup of
G. Since LCM(G) ≤ C, we have LC(G) is nilpotent. By Lemma 2, we have LC(G) is
characteristic, too.
So suppose that G is infinite. We proceed by induction on |LC(G)|. The base step is
clear. Also, by Lemma 7, we may assume that G is not solvable. Let x ∈ LCM(G), and let
H = 〈xG〉. By a similar argument as the first part, we have o(x) = exp(H). We claim that
H is nilpotent. If o(x) is a power of prime, then exp(H) = o(x) is a power of prime, so H is
a nilpotent group. So suppose that o(x) has at least two different prime divisors p 6= q. Let
z ∈ H such that o(xqz) ∤ lcm(o(xq), o(z)). If o(z) ∤ o(x)/q, then exp(H) 6= o(x), which is a
contradiction. So o(xqz) | lcm(o(xq), o(z)) for all z ∈ H . Hence xq ∈ LCM(H).
By the first part, LC(H) is nilpotent. Since o(x) has two distinct prime divisors p < q,
we have x ∈ 〈xq〉〈xp〉 ≤ LC(H), and so H is a nilpotent group, as claimed. Let Hxi = 〈x
G
i 〉
where xi ∈ LCM(G) = {x1, . . . , xk}. Then C = Hx1Hx2 . . .Hxk is a nilpotent subgroup of
G. Since LCM(G) ≤ C, we have LC(G) is nilpotent. By Lemma 2, we have LC(G) is
characteristic, too
✷
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Corollary 9. Let G be a finite group and N ✁G. Then LC(N) ≤ Fit(G).
Proof. By Theorem 8, LC(N) is a nilpotent characteristic subgroup of N . Hence LC(N) ≤
Fit(G). ✷
Corollary 10. If Fit(G) = 1, then LC(G) = 1.
Proof. By Theorem 8, LC(G) is a normal nilpotent subgroup of G. Since Fit(G) = 1, we
have LC(G) = 1. ✷
Corollary 11. Let G be a finite solvable group.
(a) If Fit(G) = LC(G), then for each Sylow subgroup P of Fit(G), we have P ∈ CP2.
(b)If Fit(G) is a Hall subgroup such that for each Sylow subgroup P of Fit(G), we have
P ∈ CP2, then Fit(G) = LC(G).
Proof. (a) Since for all x, y ∈ P ∈ Sylp(Fit(G)), we have o(xy) | lcm(o(x), o(y)) =
max{o(x), o(y)}, we have P ∈ CP2.
(b) Let y ∈ G \ Fit(G) and let x ∈ Fit(G). We have (yx)m = xy
−1
xy
−2
. . . xy
−m
ym. If
m = o(y), then (yx)o(y) = xy
−1
xy
−2
. . . xy
−m
∈ Fit(G). Now, since every Sylow subgroup of
Fit(G) belongs to CP2, we have (xy
−1
xy
−2
. . . xy
−m
)o(x) = 1. It follows that o(yx) = o(xy) |
o(x)o(y) = lcm(o(x), o(y)).
✷
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